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1. Let G be any open subset of Rn, m = 1, 2, 3, , , 1 ≤ p <∞. Show that
C∞(G) ∩Wm,p(G) is dense in Wm,p(G). [6]

2. Let H be a Hilbert space over the field F (of course F = R or F = C).
Let a : H × H −→ F be continuous, linear in the first variable and
conjugate linear in the second variable. Assume that there exists a
constant k > o such that

a(u, u) ≥ k ‖ u ‖2

for all u in H. Let b : H −→ F be linear continuous map. Show that
there exists a unique xo in H such that a(u, x0) = b(u) for all u in H.

[5]

3. Prove Poincare inequality for the bounded open set (a1, b1)× (a2, b2) of
R2. [3]

4. Define P (x, y) = 1−x2

|x−y|n for | x |< 1 =| y |, x, yεRn. Show that

4xP (x, y) = 0. [3]

5. LetΩ be any bounded open subset of Rn with smooth boundary ∂Ω.
Prove Greens representation theorem:

Let uεC2(Rn). Then for yε Ω, u(y)

=
∫
∂Ω

d σ(x) {u(x) ∂d
∂ϑx

(x, y)− d(x, y)∂u
∂ϑ

(x)}

+
∫
Ω

dxd(x, y)(4u)(x)

Here σ is the surface area measure of ∂Ω, ϑ is the unit outer normal for
∂Ω. d is given by the formula d(x, y) = 1

2π
log | x − y | for x, y in R2

d(x, y) = 1
(2−n)Wn

|x− y|2−n for x, yεRn n = 3, 4, ....

You can assume that d is a fundamental solution for the Laplacian 4.

[10]

6. a) Let f : R × R −→ R be any C2 function,f = f(x1, x2). Define
g : R −→ R by g(t) =

∫ t
o

ds f(t− s, s). Then show that

g1(t) = f(0, t) +
∫ t
o

ds ∂f
∂x1

(t− s, s). [2]



b) Prove Duhamels principle. Let W : Rn × R −→ R be any C2

function, W = W (x, t), x in Rn, t in R. For each s > o, let υ(x, t, s)
be a solution of
∂2

∂t2
v(x, t, s) = 4xv(x, t, s)

v(x, o, s) = 0
∂v
∂t

(x, 0, s) = W (x, s)

Here xεRn, tεR. Define u : Rn × R −→ R. by u(x, t) =
∫ t

0
ds v(x, t −

s, s) for t ≥ 0. Then show that u satisfies utt − 4xu = W on Rn ×
(0,∞), u(x, 0) = 0 = ut(x, 0). [4]

7. Let f : Rn −→ R be a C∞ function. Define the spherical mean for f
by

Mf (x, r) = 1
Wn

∫
|y|=1

f(x+ ry)dσ(y).

where d σ(y) is the surface measure on Sn−1 = {yεRn : |y| = 1}
normalized so that σ(Sn−1) = Wn. Prove the Darboux equation.

{ ∂2

∂r2 + n−1
r

∂
∂r
} Mf (x, r) = 4xMf (x, r) = M4f (x, r). [8]

8. Let fεS[Rd]. For all uεS[Rd]. Show that ‖ fu ‖HS≤ C(s, f) ‖ u ‖Hs

where C(s, f) is a constant depending on f . [5]

9. Let p be a homogeneous elliptic polynomial of degree N . Define

b(y) = |y|N
1+|y|N .

1
p(y)

for y 6= 0. Define B by (Bu)̂(ξ) = b(ξ)û(ξ). Show

that ‖ Bu ‖Hs≤ C ‖ u ‖Hs+N where C is a constant independent of u

[3]

10. Define K(t, x) = χ(0,∞)(t)t
−n

2 exp [−(x
2

4t
)] Show that λK is a fundamen-

tal solution for ∂
∂t
4x for a suitable constant λ. [15]


